The neutron point kinetics equations, which model the time-dependent behaviour of nuclear reactors [AbHa03, HaAl05, He71, Sa89] , are often used to understand the dynamics of nuclear reactor operations (e.g. power fluctuations caused by control rod motions during start-up and shut-down procedures). They consist of a system of coupled differential equations that model the interaction between (i) the neutron population, and (ii) the concentration of the delayed neutron precursors, which are radioactive isotopes formed in the fission process that decay through neutron emission. These equations are deterministic in nature, and therefore can provide only average values of the modeled populations. However, the actual dynamical process is stochastic: the neutron density and the delayed neutron precursor concentrations vary randomly with time.
Introduction
The neutron point kinetics equations, which model the time-dependent behaviour of nuclear reactors [AbHa03, HaAl05, He71, Sa89] , are often used to understand the dynamics of nuclear reactor operations (e.g. power fluctuations caused by control rod motions during start-up and shut-down procedures). They consist of a system of coupled differential equations that model the interaction between (i) the neutron population, and (ii) the concentration of the delayed neutron precursors, which are radioactive isotopes formed in the fission process that decay through neutron emission. These equations are deterministic in nature, and therefore can provide only average values of the modeled populations. However, the actual dynamical process is stochastic: the neutron density and the delayed neutron precursor concentrations vary randomly with time.
To address this stochastic behaviour, Hayes and Allen [HaAl05] have generalized the standard deterministic point kinetics equations. They have derived a system of stochastic differential equations that can accurately model the random behaviour of the neutron density and the precursor concentrations in a point reactor. Due to the issue of stiffness, they numerically implement this system using a stochastic piecewise constant approximation method (Stochastic PCA).
Here, we present a study on the influence of stochastic fluctuations upon the results of the neutron point kinetics equations. We reproduce the stochastic formulation introduced in [HaAl05] and compute Monte Carlo numerical results for examples with constant and time-dependent reactivity, comparing these results with stochastic and deterministic methods found in the literature [HaAl05, Ra12, WoLe14] .
The remainder of this work is organized as follows. In Section 1.2 we reproduce the derivation of the stochastic equations introduced in [HaAl05] . Section 1.3 starts with a short discussion on the numerical implementation of the stochastic models. In Section 1.3.1 we provide numerical results for examples with constant reactivity, for the cases of one and six precursor groups; and in Section 1.3.2 we present results for an example with linear reactivity and one precursor group. Finally, in Section 1.4 we discuss the stochastic fluctuations we have encountered, and address the future steps to be undertaken in order to accurately study them.
Stochastic Model Formulation
In this section, we reproduce the stochastic formulation introduced by Hayes and Allen. Following [HaAl05, He71] , the time-dependent equations that describe the neutron density and the delayed neutron precursor concentrations are given by
where i = 1, 2, ..., m, v is the velocity, N = N (r, t) is the neutron density at position r and time t, and C i = C i (r, t) is the concentration of the i-th type of precursor at position r and time t. In the right-hand side of Eq. (1.1a) we have the following terms:
• Dv∇ 2 N , representing the diffusion of neutrons.
• (Σ a −Σ f )vN , representing the capture of neutrons. Notice that the capture cross-section is given by the difference between the absorption (Σ a ) and the fission (Σ f ) cross-sections. β i is the delayed-neutron fraction and k ∞ is the infinite medium reproduction factor.
• i λ i C i , representing the rate of transformation from the neutron precursors to the neutron population, with λ i as the decay constant.
• S 0 (r, t), representing the external source.
Assuming that N and C i are separable in time and space, we can write N (r, t) = f (r)n(t) and C i (r, t) = g i (r)c i (t), where n(t) and c i (t) represent the total neutron density and the total concentration of precursors of the i-th type at time t, respectively. Equations (1.1) now become
It is assumed that (i)
has the same spatial dependence as f . If we write q(t) = S0(r,t) f (r) , the previous equations become
Furthermore, the terms in Eq. (1.2a) can be rearranged according to the type of neutron reaction:
+q.
(1.3) In order to simplify the notation, several parameters are now introduced. We define the absorption lifetime l ∞ = 
Defining the reproduction factor k = k∞ 1+L 2 B 2 and the neutron lifetime
Next, we introduce the neutron generation time l = l0 k . Substituting l into Eqs. (1.5), we obtain
Finally, we define reactivity ρ = 1 − 1 k . Moreover, a simple algebraic calculation shows that
ν and ν is the number of neutrons per fission. Hence, the final deterministic system becomes
To derive the stochastic system, we first consider the case of just one precursor; that is, β = β 1 . (The system will be generalized to m precursors later.) Equations (1.6) for one precursor are written as
We consider a time interval ∆t small enough to guarantee that the probability of more than one event occurring during ∆t is negligible. Let [∆n, ∆c 1 ] T be a random vector variable that represents the changes in the neutron density and in the delayed neutron precursor concentration. The four possible events are and the probabilities of these events (assuming α = 1 ν ) are:
It is also assumed that the neutron source produces neutrons randomly following a Poisson process with intensity q. Finally, the mean change E([∆n, ∆c 1 ] T ) for the small time interval ∆t is given by
and the covariance of the change is given by
whereB is defined aŝ
With the assumption that the changes are approximately normally distributed, the above results imply that, to O ((∆t) 2 ),
As ∆t → 0, the above equations yield the following Itô stochastic differential equation system [Hi01, RaPa13] :
where W 1 (t) and W 2 (t) are Wiener processes. Equations (1.7) are the stochastic neutron point kinetics equations for one precursor group.
To generalize these equations to m precursors, let
Using the same approach as before, but now for m precursors, we obtain the Itô stochastic system:
(1.8)
Note that ifB = 0, then Eq. (1.8) reduces to the standard deterministic point kinetics equations.
Numerical Results
We begin this section by briefly sketching the implementation of two approaches that address the stochastic behavior discussed in this work: (I) the Stochastic PCA model [HaAl05] , and (II) the Euler-Muruyama approximation [Ra12] . Specific details of each implementation can be found in the indicated references.
(I) The Stochastic PCA model is based on the system given in equation (1.8). For instance, assuming m = 6 delayed groups, this system can be written as The source function q(t) and the reactivity function ρ(t) are approximated by piecewise constant functions; in particular
and
and using Itô's formula [KlPl92] we obtain
Finally, this equation is approximated using Euler's method, and the eigenvalues and eigenvectors of the matrix (A + B i ) are computed using diagonalization.
(II) The Euler-Maruyama approximation performs the time-discrete approximation of an Itô process. Let {X t } be an Itô process on t ∈ [t 0 , T ] that satisfies the stochastic differential equation dX t = a(t, X t )dt + b(t, X t )dW t , X t0 = X 0 . For a given time-discretization t 0 < t 1 < t 2 < ... < t N = T , an Euler-Maruyama approximation is a continuous time stochastic process {Y (t), t 0 ≤ t ≤ T } that satisfies the interactive scheme given by [KlPl92] 
Each random number is given by ∆W n = z n √ ∆t n , where z n is chosen from a standard normal distribution N (0, 1). In this type of procedure the considered time intervals must be equidistant.
In the following sections we consider examples with constant and linear reactivity, and present Monte Carlo (MC) simulations for each one of them. We compare the MC estimates to the results obtained with the stochastic models previously discussed, as well as with the Deterministic Model [PeVi09, WoLe14] .
In these MC simulations, we have chosen the time interval ∆t to be small enough such that the likelihood of more than one event taking place during ∆t is very small. This was achieved by considering the half-life time of the precursor groups, according to the time decay constants λ i . The number of seeds used in the MC estimates for each case was large enough to guarantee that the statistical error of the mean values is less than 0.05% (with 95% confidence).
Constant Reactivity
In the following examples, we present the results for the mean values E of the neutron density and the delayed neutron precursors concentration. In addition, we also present the standard deviations σ of these quantities for the stochastic models. In the first example, we reproduce a test case presented in [HaAl05] , which assumes only one neutron precursor and simulates a step-reactivity insertion. Although it does not model an actual physical nuclear reactor problem, it provides simple computational solutions for comparison with Monte Carlo results. The parameters are λ 1 = 0.1, β 1 = 0.005, ν = 2.5, q = 200, l = T . Table 1 .1 shows that, while the standard deviations for both quantities are one order of magnitude smaller than their correspondent mean values, the standard deviation for the neutron density is still significant (≈ 7% of the . This suggests that a deterministic approach may not be sufficient for the computation of this quantity. The next example (two scenarios) uses m = 6 delayed neutron precursor groups, and models step reactivity insertions for an actual nuclear reactor [ChAt85, HaAl05, KiAl04] . The first scenario models a prompt insertion with ρ = 0.003, whereas the second scenario models a prompt insertion with ρ = 0.007. In both scenarios the parameters are chosen as follows: with an initial condition that assumes a source-free equilibrium: It is important to point out that the issue of stiffness arises when solving the stochastic models for these scenarios. This puts an additional constraint in the probability calculations. As in the previous example, an analysis of the standard deviations in Tables 1.2 and 1.3 indicates that the stochastic effects need to be taken under consideration, since the values obtained for the mean and the standard deviation of the neutron density are of the same order of magnitude.
Besides the evaluation for a fixed time t = 0.1s by the Euler-Maruyama approach, we also generate the time line (Figue 1.1) of the neutron density and compare two Monte Carlo realizations (Sample 1 and Sample 2) with the mean value of the neutron density after averaging over a sufficiently large set of samples. 
Linear Reactivity
The example discussed in this section is, to the best of our knowledge, the first study of this kind that considers time-dependent reactivity. We provide Monte Carlo results for an example with one precursor group and linear reactivity (see Figure 1 .2) and compare our findings to experimental data [Ha60] as well as to the deterministic model prediction [PeVi09, WoLe14] . For the time t = 0.1s, the Stochastic PCA and Euler-Maruyama results are indicated. The parameter set used for this simulation is λ 1 = 0.1, β 1 = 0.005, ν = 2.5, l = 0.00001 with time dependent reactivity ρ(t) = 0.25t and with initial condition x(0) = 100[1, T . We note that, while the Deterministic Model yields a curve with the correct qualitative behavior, it fails to provide any information on the stochastic fluctuations of the neutron population over time. Clearly, a model that can predict these fluctuations would be an improvement over the deterministic approach.
Discussion
From the phenomenological point of view, it is evident that one needs to take under consideration the stochastic effects in order to compute the neutron density. This is confirmed by the results of the simulations we have presented, where we see that the values for the mean and standard deviation of the neutron density can be of the same order of magnitude. The examples presented here also suggest that the fluctuations in the precursor concentrations are small. This behavior arises from the stochastic nature of decay; specifically, from the property of time homogeneity inherent to the radioactive decay law.
The present work is the first one in a sequence, in which reactivity of time dependent scenarios and the effects of stochastic moments are studied. This will be done by solving the stochastic equation in a hierarchic fashion: first, the deterministic part of the problem is solved, and then the solution is modified by including the stochastic moments. This contrasts with the procedures currently found in the literature, which make use of the roots of the inhour equation. One of the main difficulties encountered refers to the stiffness of the problem, which imposes severe restrictions on the calculation of the event probabilities. In a future work these issues will be addressed in an optimised solution procedure.
